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Abstract
In this work we give explicit formulas for the Schwartz integral
kernels of some multipliers of the Bessel operator on IR∗+. By using
the integral transforms connecting these multipliers we obtain old and
new formulas involving Bessel and hypergeometric functions.
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1 Introduction
The Bessel operator is an interesting operator which arises in several con-
texts, one of them being the Schro¨dinger equation in non relativistic quan-
tum mechanics [13]. For the recent papers on the Bessel operator see([3,
?, 9, 15]). The aim of this paper is twofold: first we give explicit formu-
las for the Schwartz integral kernels of the following multipliers Hpν (t) :=
etLν (
√−Lν)p, Rpν(λ) := (Lν + λ2)−1 (
√−Lν)p, Rµ,pν (λ) := (Lν + λ2)−1−µ (
√−Lν)p
called here respectively the weighted heat, weighted resolvent and weighted
generalised resolvent operator associated to the Bessel operator on IR∗+:
Lν =
∂2
∂x2
+
1/4− ν2
x2
, ν ∈ IR. (1.1)
1
and secondly, by using the integral transforms connecting these multipliers we
obtain old and new formulas involving Bessel and hypergeometric functions.
For finding formulas involving Bessel and hypergeometric functions using
multipliers on the Euclidian space IRn see[11].
First of all we recall the following formulas for the classical heat kernel for
the Bessel operator ([1], p. 68):
H0ν (t, x, x
′) =
(xx′)1/2
2t
e
−(x2+x′2)
4t Iν(
xx′
2t
). (1.2)
and the resolvent kernel [9]
R0ν(λ, x, x
′) =
ipi
2
√
xx′
{
Jν(λx)H
(1)
ν (λx′) x < x′
Jν(λx
′)H
(1)
ν (λx) x > x′
(1.3)
Using the fact that the resolvent kernel is the Laplace transform of the heat
kernel we have for Reλ2 < 0 and ν > −1:
∫ ∞
0
eλ
2tt−1e
−(x2+x′2)
4t Iν(
xx′
2t
)dt = ipi
{
Jν(λx)H
(1)
ν (λx′) x < x′
Jν(λx
′)H
(1)
ν (λx) x > x′
(1.4)
where Iν is the first kind modified Bessel function, Jν and H
(1)
ν are respec-
tively the first and the third kind Bessel functions ( see[5, 10] ).
We mention that the absolute convergence of the above integral is assured
by the formulas ([10], p. 136)
Iν(x) ≈ x
ν
2νΓ(1 + ν)
, x→ 0; Iν(x) ≈ e
x
√
2pix
, x→∞. (1.5)
The end of this section is devoted to the preliminaries on the Hankel trans-
form on IR+.
For ν > −1, the Hankel transform of order ν for a function f ∈ C∞0 (IR+),is
defined by the integral
(Hνf) (ω) =
∫ ∞
0
(xω)1/2Jν(xω)f(x)dx (1.6)
where Jν is the first order Bessel function of order ν.
Proposition 1.1. [12] For ν > −1, we have
i)H2ν = 1
2
ii)Hν is self adjoint
iii)Hν is an L
2 isometry
iv)HνLν = −ω2Hν.
For more informations on the Hankel transform the reader can consults
the nice book by Davies [2].
Note that we can define φ(
√−Lν) for φ a well behaved Borel function by
using the Hankel transform:
Proposition 1.2. For ν > −1, the Schwartz integral kernel of the operator
φ(
√−Lν), is given at last formally by
Kν(φ, x, x
′) = (xx′)1/2
∫ ∞
0
Jν(ωx)Jν(ωx
′)φ(ω)ωdω. (1.7)
The proof of this proposition uses essentially Proposition 1.1 and in con-
sequence is left to the reader.
Note that using (1.7) with φ(x) = 1
−ω2+λ2
we obtain forReλ2 < 0 and ν > −1
the following formula∫ ∞
0
Jν(xω)Jν(x
′ω)
−ω2 + λ2 ωdω =
ipi
2
{
Jν(λx)H
(1)
ν (λx′) x < x′
Jν(λx
′)H
(1)
ν (λx) x > x′
(1.8)
The absolute convergence of the above integral is assured by the formulas
([10], p.134)
Jν(x) ≈ x
ν
2νΓ(1 + ν)
, x→ 0, Jν(x) ≈
√
2
pix
, x→∞. (1.9)
The following lemma gives the Laplace transform of the two variables Hum-
bert confluent hypergeometric function ([5], p.225):
Ψ2 (a; c, c
′, x, y) =
∑
n;m≥0
(a)n+m
(c)m(c′)nm!n!
xmyn, |x| <∞, |y| <∞. (1.10)
in term of the Kampe´ de Ferie´t generalized hypergeometric function FA:BC:D
given by EXTON ([7], p.29).
FA:BC:D
(
a1,...aA:b1,...bB;b
′
1,...b
′
B
c1,...,cC:d1,...dD;d
′
1,...d
′
D
; x, x′
)
=
∑
n,m≥0
∏A
j=1(aj)m+n
∏B
j=1(bj)m
∏B
j=1(b
′
j)n∏C
j=1(cj)m+n
∏D
j=1(dj)m
∏D
j=1(d
′
j)nm!n!
xmx′n. (1.11)
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with A+B < C +D + 1, |x| <∞ and |x′| <∞.
Lemma 1.1. For γ > 0, α > 0, X, Y ∈ IR we have∫ ∞
0
e−γttα−1Ψ2
(
a, b1, b2,
X
t
,
Y
t
)
dt =
Γ(α)
γα
F 1:01:1
(a:−,−
1−α,b1,b2
;−γX,−γY ) . (1.12)
Proof. Replacing the confluent hypergeometric Ψ2 by its series (1.10) in the
integral (1.12) and integrating term by term we obtain
∫ ∞
0
e−γttα−1Ψ2
(
a, b1, b2,
X
t
,
Y
t
)
dt = γ−α
∑
n,m≥0
(a)n+mΓ(α− n−m)
(b1)m(b2)nm!n!
(γx)m(γy)n.
using the formula ([14], p. 22) Γ(α−n)
Γ(α)
= (−1)
n
(1−α)n
we can write
∫ ∞
0
e−γttα−1Ψ2
(
a, b1, b2,
X
t
,
Y
t
)
dt =
Γ(α)
γα
∑
n,m≥0
(a)n+m
(1− α)n+m(b1)m(b2)nm!n! (−γx)
m(−γy)n. (1.13)
which gives the result in (1.12) and the proof of Lemma 1.1 is finished.
The organization of the remaining of the paper is as follows, the Schwartz
integral kernel of the weighted heat evolution operator etLν (
√−Lν)p and
the weighted Schro¨dinger evolution operator eitLν (
√−Lν)p will be given in
section 2. In section 3 we will obtain a closed form of the Schwartz integral
kernel of the weighted resolvent operator. The section 4 is devoted to the
Schwartz integral kernel of the weighted generalized resolvent operator on
IR+.
2 Weighted Heat evolution operator for Bessel
operator on IR+
In this section we give the Schwartz integral kernels of the weighted heat and
Schro¨dinger evolution operators etLν (
√−Lν)p and eitLν (
√−Lν)p in explicit
forms.
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Theorem 2.1. For Rep > −2(ν+1) and ν > −1, the Schwartz integral ker-
nel Hpν (t, x, x
′) of the weighted heat evolution operator etLν (
√−Lν)p is given
as:
Hpν (t, x, x
′) =
Γ(p/2 + 1 + ν)(x/2)ν+1/2(x′/2)ν+1/2
[Γ(ν + 1)]2tp/2+ν+1
×
Ψ2
(
p/2 + 1 + ν, ν + 1, ν + 1; x2/4t, x′2/4t
)
(2.1)
The function Ψ2 (a, c, c
′; x; y) denotes the Humbert’s confluent hypergeometric
function of two variables given in (1.10).
Proof. Using the formula (1.7) with φ(ω) = e−tω
2
ωp we have
Hpν (t, x, x
′) = (xx′)1/2
∫ ∞
0
Jν(ωx)Jν(ωx
′)e−tω
2
ωp+1dω. (2.2)
Next we employ the formula, M = µ1 + µ2, Re(ν +M) > 0,( [6] p.187 )∫ ∞
0
e−pttν−1J2µ1(2(a1t)
1/2)J2µ2(2(a2t)
1/2)dt =
Γ(ν +M)
Γ(2µ1 + 1)Γ(2µ2 + 1)
p−ν−Maµ11 a
µ2
2 Ψ2 (ν +M, 2µ1 + 1, 2µ2 + 1, a1/p, a2/p) .
(2.3)
and we arrive at the formula (2.1).
Corollary 2.1. The Schwartz integral kernel Kpν (t, x, x
′) of the weighted
Schro¨dinger evolution operator with inverse square potential eitLν (
√−Lν)p
is given in terms of the two variables Humbert’s confluent hypergeometric
function for Rep > −2(ν + 1) and ν > −1 as
Kpν (t, x, x
′) =
Γ(p/2 + 1 + ν)(x/2)ν+1/2(x′/2)ν+1/2
[Γ(ν + 1)]2(it)p/2+ν+1
times
Ψ2
(
p/2 + 1 + ν, ν + 1, ν + 1; x2/4it, x′2/4it
)
. (2.4)
By taking p = 0 in Theorem 2.1 we have
H0ν (t, x, x
′) =
(x/2)ν+1/2(x′/2)ν+1/2
Γ(ν + 1)tν+1
×
Ψ2
(
ν + 1, ν + 1, ν + 1; x2/4t, x′2/4t
)
. (2.5)
and by comparing this with (1.3) we have
Ψ2 (ν + 1, ν + 1, ν + 1; x, y) = Γ(ν + 1)(xy)
−ν/2e−x−yIν(2
√
xy). (2.6)
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3 Weighted resolvent operator for the Bessel
operator on IR+
In this section we give explicit formula for the Schwartz integral kernel of the
weighted resolvent operator Rpν(λ) = (Lν + λ
2)
−1
(−Lν)p/2 using the formula
Rpν(λ, x, x
′) =
∫ ∞
0
eλ
2tHpν (t, x, x
′)dt, Reλ2 < 0. (3.1)
where Hpν (t, x, x
′) is the Schwartz integral kernels of the weighted heat oper-
ator.
The Formula (3.1) is a consequence of the formula (a2+y2)−1 =
∫∞
0
e−(a
2+y2)t dt
valid for Rea2 > 0.
Theorem 3.1. For Reλ2 < 0, −1 < p/2 + ν < 0 and ν > −1,
the Schwartz integral kernel for the weighted resolvent operator(Lν + λ
2)
−1
(−Lν)p/2
is given by
Rpν(λ, x, x
′) = [Γ(p/2+ν+1)Γ(−p/2−ν)]
[Γ(ν+1)]2
×
(−λ2)p/2+ν(xx′/4)ν+1/2F 0:00:1
(
−:−;−
−:ν+1;ν+1;
λ2x2
4
,
λ2x′2
4
)
. (3.2)
where F 0:00:1 is the Kampe de Firiet hypergeometric function given in (1.11).
The proof of this theorem can be seen as is a direct application of Propo-
sition 3.1, Theorem 2.1 and of Lemma 1.1.
Corollary 3.1. For Reλ2 < 0, −1 < p/2 + ν < 0 and ν > −1∫∞
0
Jν(xω)Jν(x′ω)
−ω2+λ2
ωp+1dω = Γ(p/2+ν+1)Γ(−p/2−ν)
2[Γ(ν+1)]2
×
(−λ2)p/2+ν(xx′/4)νF 0:00:1
(
−:−;−
−:ν+1;ν+1;
λ2x2
4
,
λ2x′2
4
)
(3.3)
Proof. Using Proposition 1.2 with φ(ω) = (−ω2 + λ2)−1ωp and Theorem
3.1,we obtain the result, where the absolute convergence of the above integral
is assured by the formulas (1.9).
Note that by taking p = 0 in (3.2) and comparing with (1.3) the following
formula is valid for x < x′
Jν(λx)H
(1)
ν (λx′) =
Γ(−ν)(−λ2xx′/4)−ν
ipiΓ(ν+1)
×
F 0:00:1
(
−:−;−
−:ν+1;ν+1;
λ2x2
4
,
λ2x′2
4
)
. (3.4)
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4 Weighted generalized resolvent operator
for the Bessel operator on IR+
In this section we generalize some results of the section 3 by giving an
explicit expression of the weighted generalized resolvent kernels Rµ,pν (λ) =
(Lν + λ
2)
−1−µ
(−Lν)p/2.
Proposition 4.1. We have the following formula connecting the weighted
generalized resolvent kernel to the weighted heat kernel
Rµ,pν (λ, x, x
′) =
1
Γ(µ+ 1)
∫ ∞
0
eλ
2ttµHpν (t, x, x
′)dt; Reλ2 < 0. (4.1)
Proof. We use the formula (a2+y2)−1−µ = 1
Γ(µ+1)
∫∞
0
e−(a
2+y2)ttµ dt forRea2 >
0
Theorem 4.1. For Reλ2 < 0, −1 < p/2 + ν < µ, ν > −1 and µ > −1,
the Schwartz integral kernel of the weighted generalized resolvent kernel with
inverse square potential is given by
Rµ,pν (λ, x, x
′) =
Γ(µ− p/2− ν)[Γ(p/2 + ν + 1)]
Γ(µ+ 1)[Γ(ν + 1)]2
×
(−λ2)p/2+ν−µ(xx′/4)ν+1/2F 1:01:1
(
p/2+ν+1:−;−
p/2+ν+1−µ:ν+1;ν+1;
λ2x2
4
,
λ2x′2
4
)
(4.2)
where FA:BC:D is the Kampe de Ferie´t generalized hypergeometric function given
by(1.11).
Proof. This theorem is a direct consequence of Proposition 4.1, Theorem 2.1
and Lemma 1.1.
Corollary 4.1. For Reλ2 < 0, −1 < p/2 + ν < µ, ν > −1 and µ > −1, we
have the following formula
∫ ∞
0
Jν(xω)Jν(x
′ω)
(−ω2 + λ2)1+µω
p+1dω =
Γ(µ− p/2− ν)[Γ(p/2 + ν + 1)]
Γ(µ+ 1)[Γ(ν + 1)]2
×
(−λ2)p/2+ν−µ(xx′/4)ν+1/2F 1:01:1
(
p/2+ν+1:−;−
p/2+ν+1−µ:ν+1;ν+1;
λ2x2
4
,
λ2x′2
4
)
(4.3)
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Proof. Using Proposition 1.2 with φ(ω) = (−ω2 + λ2)−1−µωp and Theorem
4.1. Note that the absolute convergence of the integral is assured by the
formulas (1.9)
By taking p = 0 in the formula (4.2), we see that the Schwartz integral
kernel of generalized resolvent with inverse square potential is given by
Rµ,0ν (λ, x, x
′)) =
Γ(µ− ν)
Γ(µ+ 1)[Γ(ν + 1)]
(−λ2)ν−µ(xx′/4)ν+1/2×
F 1:01:1
(
ν+1:−;−
ν+1−µ:ν+1;ν+1;
λ2x2
4
,
λ2x′2
4
)
(4.4)
where Reλ2 < 0, ν > −1 and µ > −1 and µ > ν.
By taking p+ 1 = α− 1 and µ+ 1 = ρ we have∫∞
0
xα−1 Jν(cx)Jν(cx)
(x2+z2)ρ
dx = (−1)ρ Γ(ρ−α/2−ν)Γ(α/2+ν)
Γ(ρ)[Γ(ν+1)]2
(z2)α/2+ν−ρ(c2/4)ν+1/2F 1:01:1
(
α/2+ν;−;−
α/2+ν−ρ+1,ν+1;ν+1;−
c2z2
4
,−c
2z2
4
)
(4.5)
Using the formulas [8] p. 672-673 we obtain
(−1)ρ(z2)α/2+ν−ρ(c2/4)ν+1/2F 1:01:1
(
α/2+ν;−;−
α/2+ν−ρ+1,ν+1;ν+1;−
c2z2
4
,−c
2z2
4
)
= 1
2
( c
2
)2ρ−αΓ
[
ν+α/2−ρ,1+2ρ−α,ρ,ν+1,ν+1
−α/2+ρ+1,ν−α/2+ρ+1,−α/2+ρ+1,ρ−α/2−ν,α/2+ν
]
×
2F3((1− α)/2 + ρ, ρ; ρ+ 1− ν − α/2, ρ+ 1− α/2; c2z2) +
zα−2ρ
2
( cz
2
)2ν2F3(1/2 + ν, α/2 + ν; 1 − ρ+ α/2 + ν, ν + 1, 2ν + 1, c2z2).
where the hypergeometric function
2F3 (a, b; c1, c2, c3, z) =
∞∑
n=0
(a)n(b)n
(c1)n(c2)n(c3)nn!
zn. (4.6)
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